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• What is a rhythmic canon ?

• Mathematical tools

• Canons modulo p

• Transformation, reduction, conservation

Rhythmic Canons



• A canon is a number of voices 
playing the same tune at 
different onsets.

• A rhythmic canon is a number 
of voices playing repeatedly 
the same rhythmic pattern at 
different onsets.

Rhythmic Canons

A rhythmic canon is periodic
(here modulo 16)



• The rhythmic pattern is 
called inner voice,

• The set of onsets is the 
outer voice

• Together they tile a 
cyclic group

Rhythmic Canons



• A direct sum

• Exponentiation

• Condition (T0)

Maths for canons

From rhythmic canons to Galois theory and some
cases of the Spectral Conjecture

20 septembre 2004

1 From rhythmic canons to Galois theory
1.1 Rhythmic canons and tiling cyclic groups
Musical illustrations are given during the talk.
A rhythmic canon is the play of the same rhythmic pattern on different voices, with different onsets.
We require that on every beat there is a single note playing at a time, which makes the problem a tiling problem.
The usual terminology is :

!!!!!!!!!

DÉFINITION 1. If A = {0, a1, . . . ak−1} is a subset of N, it is the inner voice of a rhythmic canon with outer voice
B = {0, b1, . . . b!−1} and period n iff

A⊕ B = Z/nZ

A is the rhythmic pattern, B the sequence of onsets.

It can be seen that the simplification of assuming integer beats (see [?], [?]) and the periodicity (see [?] for old
references) of the whole canon are not arbitrary but necessary.
On the other hand, there are other possible specifications, stemming from musical considerations for instance
(canons with augmentations, retrogradations) which where instrumental in gathering important mathematical
ideas for the study of canons but will not be mentioned today. This is related elsewhere ([?],[?]).

1.2 Polynomials and cyclotomic factors
By exponentiation one gets an equivalentr condition. The exponentiation of a subset of N means

!!!!!!!!!!

DÉFINITION 2. Let A ⊂ N be a finite (non empty) subset. Then we set

A(x) =
∑
k∈A

xk

!!!!!!!

PROPOSITION. The sum A + B is direct (i.e. map A× B % (a, b) &→ a + b is one to one) iff

A(x)× B(x) = (A⊕ B)(x)

Thus we have for any rhythmic canon the condition (T0) :

!!!!!!!

PROPOSITION. A is a pattern for a rhytmic canon with outer rhythm B and period n iff

(T0) A(x)× B(x) = 1 + x + x2 + . . . xn−1 (mod xn − 1)

1.3 CV conditions
Conditions (T1), (T2).

1.4 Galois theory on finite fields
Musical illustration of Johnson’s problem. My theorem on tiling modulo p. Musical illustration.

2 Hajòs groups and Irreducibility of Rhythmic Canons
2.1 Vuza
Moreno : connection to HAJÒS. Note : if Z/nZ has a subgoup which is « bad », then so is Z/nZ.
Harald : enumerating, exhaustive search for VUZA canons, discussing the concatenation operation.
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Clearly, F2[X] is an interesting context, inasmuch as it contains only 0-1 polynomials, and all of them.
Unfortunately, while the canonical map

Z[X] → F2[X]

P !→ P (mod 2)

maps bijectively {0, 1}[X] ⊂ Z[X] onto F2[X], there is no good map back into Z[X]. For instance one cannot haul
back in Z[X] an identity like the following

(1 + X)(1 + X + X2) = 1 + X3 ∈ F25X

in terms of {0, 1} polynomials only.
So I tried for conditions equivalent to (T0) in Z[X]. The best one was

THÉORÈME 1. (T0) is true in Z[X] ⇐⇒ it is true in any Fp[X]

It is a kind of chinese theorem, meaning that the number of notes on each beat is 1 iff it is equal to 1 modulo
all p’s (weaker conditions are possible).

$$$$$

REMARQUE 1. It must be enhanced that the above statement is different from the following assertion :
« There exists B(X) ∈ {0, 1}[X] ⊂ Z[X], n such that A(X)× B(X) ≡ 1 + x + . . . xn−1 (mod Xn − 1) in Z[X] ⇐⇒
for all prime p there exists Bp, np such that T0 yields in Fp[X] »

Of course ⇒ is true. I have tried for some time to prove the reciprocal, like in YONEDA philosophy or HASSE’S
local to global result on quadratic forms. The result was surprising.

2 Galois theory on finite fields
I recall briefly here the problem which lead me to consider factorisation in finite fields instead of Z[X].

2.1 First steps in finite fields
TOM JOHNSON who was the ‘Voice of the Village’ several years ago in New York is now leaving in Paris and still
a minimalist composer. He was endeavouring to make a canon with the motif 0 1 4 and its augmentations
0, 2, 8 (or 0, 4, 16 and so on). Composer and mathematician A. TANGIAN from Hanover University quickly came up
with a computer program and it emerged that all solutions had a length which was a multiple of 15. This was
explained by the order of the roots of J(X) = 1 + X + X4 in the field with 16 elements (see [?]).
A musical illustration of Johnson’s problem can be heard at http ://canonsrythmiques.free.fr/Midi/.
This approach proved productive on other generalized rhythmic canon problems too.
But the try to find a local characterization of condition (T0) led to a hidden result.

2.2 Tiling modulo p

$$$$$$$$$

THÉORÈME 2. For any finite (non empty) subset A ⊂ N, for any prime p, there exists B ⊂ N, n ∈ N∗ with

A(X)× B(X) ≡ 1 + X + X2 + . . . Xn−1 (mod Xn−1, p)

that is to say in Fp[X].

Musically this means that on each beat there is a number of notes which is 1, up to a multiple of p.
Musical illustration in http ://canonsrythmiques.free.fr/Midi/.
The proof is to be published shortly in the Graz Zentralblatt für Mathematik. The main tool is that in any Fq[X],
any polynomial not vanishing in 0 divides some Xn − 1 for n big enough. Though this lemma was reestablished
during the proof of the above theorem, I have read it is to be found in GALOIS’ original papers.

As there is after all NO condition for tiling modulo p, one must turn back to Z[X]. At least factors of
Xn − 1

X − 1
in

Z[X] are simple.

3 Hajòs groups and Irreducibility of Rhythmic Canons
3.1 Coven-Meyerowitz conditions
Prior to 1998, general conditions for tiling (that is to say : is A a possible motif for a rhythmic canon ?) were not
known, except when |A| was a prime power.
From the simple observation that irreducible factors of 1+X+ . . . Xn−1, e.g. cyclotomic polynomials, must divide
by GAUSS’s lemma either A(X) or B(X) when (T0) is verified, came
[Coven-Meyerowitz] Let RA be the set of d ∈ N with Φd a divisor of A(x) and SA the subset of prime powers in
RA. Define the conditions
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0-1 polynomials
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PROPOSITION. A is a pattern for a rhythmic canon with outer rhythm B and period n iff

(T0) A(x)× B(x) = 1 + x + x2 + . . . xn−1 (mod xn − 1)

For instance, with {0, 1, 3, 6}⊕ {0, 8, 12, 20} one gets polynomials (1+X+X3 +X6)× (1+X4 +X8 +X12) whose product
is

1 + X + X3 + X6 + X8 + X9 + X11 + X12 + X13 + X14 + X15 + X18 + X20 + X21 + X23 + X26

and further reduction modulo X16 − 1 yields 1 + x + . . . x15.

1.3 Das verfluchtes Ring
Condition (T0) makes sense in any ring k[X], indeed A[X] inasmuch as 0, 1 ∈ A. Of course it is an identity between
0-1 polynomials, that is to say elements of the set {0, 1}[X]. But this set is not a ring : it is not closed under
either + or ×.
It is soon apparent that Z[X] is too big (there are so many polynomials not 0-1) and indeed it is difficult to find
conditions, even for a given 0-1 polynomial, allowing to know whether it tiles or not (more about this below).

is not a ring

(1+X+X2)(1+X2)=???

(1+X+X2)(1+X2)=
1+X+2X2+2X3+X4

(1+X+X2)(1+X2)=
1+X+X4
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Clearly, F2[X] is an interesting context, inasmuch as it contains only 0-1 polynomials, and all of them.
Unfortunately, while the canonical map

Z[X] → F2[X]

P !→ P (mod 2)

maps bijectively {0, 1}[X] ⊂ Z[X] onto F2[X], there is no good map back into Z[X]. For instance one cannot haul
back in Z[X] an identity like the following

(1 + X)(1 + X + X2) = 1 + X3 ∈ F25X

in terms of {0, 1} polynomials only.
So I tried for conditions equivalent to (T0) in Z[X]. The best one was

THÉORÈME 1. (T0) is true in Z[X] ⇐⇒ it is true in any Fp[X]

It is a kind of chinese theorem, meaning that the number of notes on each beat is 1 iff it is equal to 1 modulo
all p’s (weaker conditions are possible).

$$$$$

REMARQUE 1. It must be enhanced that the above statement is different from the following assertion :
« There exists B(X) ∈ {0, 1}[X] ⊂ Z[X], n such that A(X)× B(X) ≡ 1 + x + . . . xn−1 (mod Xn − 1) in Z[X] ⇐⇒
for all prime p there exists Bp, np such that T0 yields in Fp[X] »

Of course ⇒ is true. I have tried for some time to prove the reciprocal, like in YONEDA philosophy or HASSE’S
local to global result on quadratic forms. The result was surprising.

2 Galois theory on finite fields
I recall briefly here the problem which lead me to consider factorisation in finite fields instead of Z[X].

2.1 First steps in finite fields
TOM JOHNSON who was the ‘Voice of the Village’ several years ago in New York is now leaving in Paris and still
a minimalist composer. He was endeavouring to make a canon with the motif 0 1 4 and its augmentations
0, 2, 8 (or 0, 4, 16 and so on). Composer and mathematician A. TANGIAN from Hanover University quickly came up
with a computer program and it emerged that all solutions had a length which was a multiple of 15. This was
explained by the order of the roots of J(X) = 1 + X + X4 in the field with 16 elements (see [?]).
A musical illustration of Johnson’s problem can be heard at http ://canonsrythmiques.free.fr/Midi/.
This approach proved productive on other generalized rhythmic canon problems too.
But the try to find a local characterization of condition (T0) led to a hidden result.

2.2 Tiling modulo p

$$$$$$$$$

THÉORÈME 2. For any finite (non empty) subset A ⊂ N, for any prime p, there exists B ⊂ N, n ∈ N∗ with

A(X)× B(X) ≡ 1 + X + X2 + . . . Xn−1 (mod Xn−1, p)

that is to say in Fp[X].

Musically this means that on each beat there is a number of notes which is 1, up to a multiple of p.
Musical illustration in http ://canonsrythmiques.free.fr/Midi/.
The proof is to be published shortly in the Graz Zentralblatt für Mathematik. The main tool is that in any Fq[X],
any polynomial not vanishing in 0 divides some Xn − 1 for n big enough. Though this lemma was reestablished
during the proof of the above theorem, I have read it is to be found in GALOIS’ original papers.

As there is after all NO condition for tiling modulo p, one must turn back to Z[X]. At least factors of
Xn − 1

X − 1
in

Z[X] are simple.

3 Hajòs groups and Irreducibility of Rhythmic Canons
3.1 Coven-Meyerowitz conditions
Prior to 1998, general conditions for tiling (that is to say : is A a possible motif for a rhythmic canon ?) were not
known, except when |A| was a prime power.
From the simple observation that irreducible factors of 1+X+ . . . Xn−1, e.g. cyclotomic polynomials, must divide
by GAUSS’s lemma either A(X) or B(X) when (T0) is verified, came
[Coven-Meyerowitz] Let RA be the set of d ∈ N with Φd a divisor of A(x) and SA the subset of prime powers in
RA. Define the conditions
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is weird

Some Rings



Where does (T0) 
make sense ?

•  0 and 1 are elements of any field

• 'Tiling modulo p' means '(T0) holds in Fp[X]' 

Chinese rhythmic canon theorem (2002):
If A(x) B(x) =1+x+…xn-1 mod xn - 1 

in all Fp[X], then it holds in Z[X].



• First occurence : Johnson's problem

• {0 1 4} and its augmentations tile with 
period a multiple of 15, because 1+X+X4 
splits in F16
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Several other cases suggested following question:

Is there a 'local to global' approach 
for the general tiling problem ?

Galois theory in Fq

Theorem 1 
(december 2001)



Galois theory in Fp

«Any rhythmic pattern makes a canon 
— modulo p»

Example with 0 1 4 :

NO !   
Theorem 2 (april 2004)
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It is a kind of chinese theorem, meaning that the number of notes on each beat is 1 iff it is equal to 1 modulo
all p’s (weaker conditions are possible).

$$$$$

REMARQUE 1. It must be enhanced that the above statement is different from the following assertion :
« There exists B(X) ∈ {0, 1}[X] ⊂ Z[X], n such that A(X)× B(X) ≡ 1 + x + . . . xn−1 (mod Xn − 1) in Z[X] ⇐⇒
for all prime p there exists Bp, np such that T0 yields in Fp[X] »

Of course ⇒ is true. I have tried for some time to prove the reciprocal, like in YONEDA philosophy or HASSE’S
local to global result on quadratic forms. The result was surprising.

2 Galois theory on finite fields
I recall briefly here the problem which lead me to consider factorisation in finite fields instead of Z[X].

2.1 First steps in finite fields
TOM JOHNSON who was the ‘Voice of the Village’ several years ago in New York is now leaving in Paris and still
a minimalist composer. He was endeavouring to make a canon with the motif 0 1 4 and its augmentations
0, 2, 8 (or 0, 4, 16 and so on). Composer and mathematician A. TANGIAN from Hanover University quickly came up
with a computer program and it emerged that all solutions had a length which was a multiple of 15. This was
explained by the order of the roots of J(X) = 1 + X + X4 in the field with 16 elements (see [?]).
A musical illustration of Johnson’s problem can be heard at http ://canonsrythmiques.free.fr/Midi/.
This approach proved productive on other generalized rhythmic canon problems too.
But the try to find a local characterization of condition (T0) led to a hidden result.

2.2 Tiling modulo p

$$$$$$$$$

THÉORÈME 2. For any finite (non empty) subset A ⊂ N, for any prime p, there exists B ⊂ N, n ∈ N∗ with

A(X)× B(X) ≡ 1 + X + X2 + . . . Xn−1 (mod Xn−1, p)

that is to say in Fp[X].

Musically this means that on each beat there is a number of notes which is 1, up to a multiple of p.
Musical illustration in http ://canonsrythmiques.free.fr/Midi/.
The proof is to be published shortly in the Graz Zentralblatt für Mathematik. The main tool is that in any Fq[X],
any polynomial not vanishing in 0 divides some Xn − 1 for n big enough. Though this lemma was reestablished
during the proof of the above theorem, I have read it is to be found in GALOIS’ original papers.

As there is after all NO condition for tiling modulo p, one must turn back to Z[X]. At least factors of
Xn − 1

X − 1
in

Z[X] are simple.

3 Hajòs groups and Irreducibility of Rhythmic Canons
3.1 Coven-Meyerowitz conditions
Prior to 1998, general conditions for tiling (that is to say : is A a possible motif for a rhythmic canon ?) were not
known, except when |A| was a prime power.
From the simple observation that irreducible factors of 1+X+ . . . Xn−1, e.g. cyclotomic polynomials, must divide
by GAUSS’s lemma either A(X) or B(X) when (T0) is verified, came
[Coven-Meyerowitz] Let RA be the set of d ∈ N with Φd a divisor of A(x) and SA the subset of prime powers in
RA. Define the conditions
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Conditions (T1) and 
(T2)

• Remember A(X).B(X)=1+X+…Xn-1 mod Xn 
- 1.

• Cyclotomic factors : irreducible factors of 
1+X+…Xn-1 must divide A(X) or B(X). They 
are the Φd, d | n.

• Let RA = {d ;  Φd| A(X)}, SA = {pα ε RA }.

(T1) : A(1) =
∏

pα∈SA

p and

(T2) : if pα, qβ, · · · ∈ SA then pα.qβ · · · ∈ RA.
Then :
– If A tiles then (T1) is true.
– If (T1) is true and (T2) is true then A tiles.
– If |A| = A(1) has two prime factors and A tiles then (T2) is true.

3.2 Vuza
Moreno : connection to HAJÒS. Note : if Z/nZ has a subgoup which is « bad », then so is Z/nZ.
Harald : enumerating, exhaustive search for VUZA canons, discussing the concatenation operation.

3.3 Canon reduction
A canon is reducible by successive de-concatenation of one or the other of its rhythms, until a Vuza canon or a
trivial canon is reached.
Something to qualify here, as the modulo changes : eg {0, 1, 4, 7, 8} ⊕ {0, 5} reduces to null outer rhythm (and
something which is equireparted modulo 5, that is to say modulo 5 it *IS* {0, 1, 2, 3, 4}). In the reverse sens, one
must be allowed to « unfold », i.e. turn {0, 1, 2, 3, 4} back to {0, 1, 4, 7, 8} when changing the modulo. This involves
adding up multiples of xn − 1, hence does no change the cyclotomic factors.
While studying other operations on canons (notably A #→ dA, d coprime with n) I proved that all these operations,
including the aforementioned reduction, preserve conditions (T1) and (T2) (not to mention (T0)).

4 Towards Fuglede’s conjecture
4.1 The spectral conjecture
4.2 In dimension 1, link to the Coven-Meyerowitz conditions
Laba proved in 2000 that (T1) + (T2) ⇒ spectral (and spectral ⇒ (T1)).
Hence if a rhythmic pattern tiles without being spectral, it cannot verify (T2). Now from the above conservation
law, such rhythmic canon must take place in a non-HAJÒS group.
In particular,

$$
THÉORÈME 3. When n is one of the following :

then any rhythmic patteern that tiles (with period n) is spectral.

The last two cases are new, as far as I know.
The case of « packed tilings », i.e. tilings of an interval (without modulo reduction) is known since DEBRUIJN to
be reducible to the trivial canon {0}⊕ {0}. Hence

COROLLAIRE 1. Any pattern which tiles a packed rhythm is spectral.

This was mentioned as recently proved by ? ? on Laba’s spectral page, but I don’t know how it was done.

$$$$$

COROLLAIRE 2. From FRIPERTINGER’S exhaustive computation of VUZA canons for n = 72, 108 we now know
that all canons of period up to 108 (and even up to 119) are spectral (both inner and outer rhythms are
spectral sets)

This suggests something rather obvious, that is to say if A tiles without (T2), then A,n must be pretty biggish.
Computer construction and testing of random VUZA canons yielded thus far no counter-example.
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Conditions (T1) and (T2)

Theorems (1998, Coven-Meyerowitz)

• If A tiles, then (T1) is true

• If (T1) and (T2) are true, then A tiles

• If A tiles and |A|=pα qβ, then (T1) and (T2) 
are true. 

Also a very special case with 3 prime factors in 2000 (Lagarias-Wang)



• Concatenation

• Other transformations

• duality : A⊕B = B⊕A !

• dilatation  

• affine transform

• Useful for classifying and building up new 
canons (cf. Vuza canons, in a minute)

Transformations

Concatenation

dilatation



All usual transformations preserve 
conditions (T1) and (T2)

Basic lemma :factorizing the metronome

1+Xk+X2k+…X(p-1)k is the product of the Φd  

whence d is a divisor of n=p k, but not a 
divisor of k

Conservation
Theorem 3 (2004):

All this is Galois theory (in cyclotomic fields)



• Definition: no internal period, 

• ( unlike (say) {0,1,4,5} + {0,2,8,10} )

• Hajòs groups (M. A.) good/bad

• Rather scarse

• Popular with composers

Vuza canons



• Difficult to get them all

• Algorithms exist that give a few solutions

• Transformations allow to find much more

• Exhaustive search achieved for n=72 and 
n=108 (january 2004, H. Fripertinger)

Vuza canons
How do we find them ?



• A set A tiles by translations iff it is spectral 
(meaning L2(A) admits a Hilbert basis)

• True in a number of cases (A convex, set of 
translations a group…)

• False in high dimension (T. Tao, 2003)

Fuglede's conjecture

Conjecture (Fuglede 1974)



• A link with (T1) and (T2)

• Theorem : (Isabella Laba 2000)

If A verifies (T1) and (T2) then A is spectral.

Fuglede's conjecture

If A is spectral then (T1) is true.



• If A tiles but (T2) is false,

• If A is not Vuza, then either inner rhythm A 
or outer rhythm B reduces to a smaller 
canon ((T2) still false by theorem 3)

• the process cannot end with the trivial 
canon ({0} ⊕ {0}) - but (T2) is true here !

• Hence it ends up with a Vuza canon. 

Last step



Latest news
Theorem 4 (may 2004)

• A canon with (T2) false can only occur in a 
non-Hajòs group (and reduces to a Vuza canon)

• Any tiling of a Hajòs group is spectral

• This means n = pα, pαq, p2q2,  p2qr, pqrs

New From Laba + Coven-Meyerowitz

(T2) is true for a tiling of an interval; checked also by computer in Z72 and Z108



• Are all rhythmic canons spectral sets ? this 
should be found out via cooperation 
between different fields (musica, algebra, 
perhaps topology…)

• Both sides ot the Atlantic will be needed.

The end ?

Emmanuel Amiot
manu.amiot@free.fr

http://canonsrythmiques.free.fr


